The Cornerstone Of Spin Statistics Connection: The SU(2)xC x T Symmetry 



Biao Lian 

^Institute for Advanced Study, Tsinghua University, Beijing, 100084, China 
(Dated: August 15, 2012) 

We investigate the intrinsic reason for spin statistics connection. It is found that if a free field 
theory is rotationally (SU(2)) invariant, and has time reversal (T) and charge conjugation (C) 
symmetries, it obeys the spin statistics connection, except for a special case. Shrodinger equation 
belongs to this special case, and does not obey spin statistics connection. Further we show that 
if the energy spectrum of a particle E{p) takes the form of a square root, namely contains branch 
points in the complex p plane, the particle cannot belong to this special case, and must obey the 
spin statistics connection. This conclusion includes the relativistic particles as a particular example. 



The famous spin statistics connection concludes that a 
particle carrying integral (half-odd integral) spin must 
have a bosonic (fermionic) statistics. Since it is first 
proved by Wolfgang Pauli T, this theorem has passed 
various tests and shown to be right. In Pauli's original 
proof of this theorem, three important assumptions in 
quantum field theory are used, which are the energy pos- 
itivity, the Lorentz invariance, and the causality. How- 
ever, many researchers cast doubts on the necessity of 
the Lorentz invariance, because it is such a strong con- 
dition, and therefore is possibly extraneous for the proof 
of the spin statistics connection. If one tries to follow 
any version of the proof of the spin statistics connec- 
tion, the most difficult and confusing part will be the 
complex mathematical computations about the Lorentz 
group. The Lorentz invariance has become the biggest 
barrier for most people to understand the spin statistics 
connection. 

On the other hand, many people are more familiar 
with a "semi-classical" picture for understanding the spin 
statistics connection. In this picture, particles are re- 
garded as finite size objects (say, hard spheres) in the 
space. For description convenience, imagine that there 
is an invisible line connecting the two identical spin j 
particles in the way of Figure [ija) . When the relative 
positions of the two particles are exchanged, the origi- 
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FIG. 1: A fake picture for the spin statistics connection. Par- 
ticles are imagined as finite size objects, (a) Imagine there 
is a line connecting two identical particles, (b) The position 
exchange does not recover the configuration, (c) One has to 
continue rotating each particle an angle tt to recover the ini- 
tial configuration. The wave function then acquires a phase 
g-82irj _ (_i)2j ^j^g gpjj^ rotation. 



nal configuration is not yet achieved, as shown in Figure 
[ijb). So one has to continue rotating each of them an 
angle tt for their configurations to be recovered (Figure 
[ijc)). Thus their wave function acquires a total phase 
g-*27rj j-j^g ^Yjq spin rotation, which is -1-1 (—1) for 
integral (half-odd integral) spins respectively. In this in- 
correct "proof , the utility of Lorentz invariance is not 
seen. Naturally people will doubt whether Lorentz in- 
variance is really dispensable for spin statistics connec- 
tion. Sudarshan ever gives a proof of spin statistics con- 
nection for non- relativistic SU(2) invariant free fields [2], 
and claims that the SU(2) rotation invariance is already 
enough. This proof has later been doubted and argued 
by several authors 3 . It has also been shown later that 
under Galilean invariance the relation between spin and 
statistics of a quantum field is indeed arbitrary . This 
indicates that spin statistics connection may be violated 
with only SU(2) invariance. In this paper we investigate 
the intrinsic reason for spin statistics connection. We 
will show how spin statistics connection is derived from 
SU(2)xC X T symmetry, which is generally hidden in a 
free field theory, where C and T stand for charge conju- 
gation and time reversal. We will show the reason of the 
failure of the spin statistics connection under Galilean 
invariance, and give the sufficient conditions for the spin 
statistics connection. 

The paper is organized as follows. First we illustrate 
why the SU(2)xC x T symmetry is appropriate for free 
particles, and construct the general spin j free fields un- 
der this symmetry. Then we write down and second 
quantize the free field Hamiltonian. Next, by requiring 
the Hamiltonian to be positive definite (vacuum energy 
equals zero) , we show the general derivation of the spin 
statistics connection, except for a special case that leads 
to counterexamples. Finally, we analyze the conditions 
under which counterexamples can arise, and a remark- 
able corollary of the analysis is, if the energy spectrum 
E{p) contains branch points in the complex p (momen- 
tum) plane, namely, not meromorphic, the spin statistics 
connection cannot be violated. As a simplest example, 
a relativistic particle has its energy spectrum \/p'^ + mg 
which has branch points at p = ±imo, so it must obey 
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the spin statistics connection. 

General spin j field equations. — The SU(2)xC x T 
invariance is quite a general property of free field equa- 
tions. SU(2) rotational invariance allows us to define the 
concept of spin, characterizing different irreducible rep- 
resentations of the SU(2) group. A free field equation 
also generally has time reversal T invariance, since a free 
particle motion is always reversible in the absence inter- 
actions. In quantum field theory, the time reversal oper- 
ator T is anti-unitary, and transforms the field operator 
Tp in the following way 



(1) 



where St is an unitary matrix, depending on the field 
equation of ^. Charge conjugation C has the meaning 
of complex conjugation, and has the following form of 
action on the field operator ip 



(2) 



where Sc is also a unitary matrix, while ip* is the com- 
plex conjugation of ip. One may doubt whether charge 
conjugation C is a common symmetry of the free field 
equations, although the answer is "yes" in relativistic 
field theories. For the Shrodinger equation, which only 
has the positive energy solutions, it seems hard to define 
a C symmetry. However, as is observed by Y. Nambu [5], 
one could rewrite the Shrodinger equation with Nambu 
spinor = ^/)('^)*)^ instead of just the Shrodinger 

spinor as shown in Table |l] In this way, one is able 

to define the C symmetry for this "doubled Shrodinger" 
equation, whose particles and anti-particles are the same. 
In general, a free field equation can always be written in 
a SU (2) X C X T invariant form. 

Now we wish to construct a general spin j field equa- 
tion under this symmetry, before we derive the spin 
statistics connection. Note that a field equation is a 
group of partial differential equations (PDEs) with spa- 
cial and time derivatives. By adding suitable vari- 
ables, these PDEs can always be reduced to contain no 
time derivatives higher than the first order (namely, df 
and higher). For instance, for Klein-Gordon equation 
{dfj_d^ -I- r7i§)0 — 0, we can add idt<l) as a new variable to 
rewrite it into two PDEs (see Tab. |l|. So generally we 
always can write a field equation in the form below 



\in'{ip)dt - M'(p)]V' = 



(3) 



where the field -0 is a column of variables, while il'(p) 
and M'(p) are matrices which are functions of p = — iV, 
the momentum operator. For a definite momentum p, 
a spin j field equation with C and T invariance should 
have 2j -I- 1 positive energy solutions and 2j -I- 1 negative 
energy solutions. To have exactly these 2(2j -I- 1) solu- 
tions, ip should occupy two spin j representations (spin j 
bispinor), while f2'(p) is non-singular in these two repre- 
sentations. Some field equations may have extra variables 



(components), but they do not represent new freedoms, 
and must be dependent on this spin j bispinor ijj. One 
can then eliminate them by substitutions when writing 
the field equation. An example is Proca equation for the 
four vector A'-\ in which A" plays the role of an extra 
variable, as is shown in Tab. [ij Therefore we can gener- 
ally restrict ip as the composition of two spin j spinors, 
namely, a spin j bispinor. By defining = r2'(0) and 
M(p) = 17'(0)[ri'(p)]~iM'(p), we can rewrite the field 
equation simpler as 



[iVLdt ~ M{p)]ip = 



(4) 



where VL is now a purely numerical matrix. 

We first require Eq. Q to be SU{2) invariant. By 
Schur's lemma, fl must be proportional to the identity 
matrix in each spin j block. Choosing a proper basis and 
proper normalization, we can fix the matrix f2 to be 



n = 



/(j) 

/(j) 



(5) 



where l'^-* stands for an identity matrix of size 2j + 1. 
On the other hand, also to ensure the SU(2) invariance, 
each of the four spin j blocks of M(p) can only be the 
function of and p • S^^', where S^^' = {s[^\ si^\ S^^'') 
are the spin matrices of spin j. The reason is that they 
are the only invariant scalars under SU(2) rotations. 

The C and T symmetries add more limitations to the 
form of the matrix M(p). For the field Eq. Q to be 
invariant under C and T transformations, the coefficient 
matrices must satisfy 



(6) 



and 



4Af * {-p)St - M(p) , SlM{p)Sc = M* (~p) (7) 

For operators C and T to commute with a SU(2) rotation, 
St and Sc must also obey [HI 

5|s(^>S't = -S(J') , slS^^^Sc = -S(^> (8) 

In addition, the requirement of = 1 puts another 
restriction, ScSq = I. With fl fixed as in Eq. ([5|, 
limitations Q and ([s]) are able to determine St and Sc- 
Up to a phase factor, one can verify that 



i?2 COS jiT i?2 sin j-K 
— i?2 sin^TT — i?2 cosjvr 



(9) 



while St can be fixed to be [7] 



R 



U) 



(10) 
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TABLE I: Several familiar equations rewritten in the general form shown in Eq. Q. The metric for relativistic equations is 
Qiii^ = diag{l, —1, —1, —1). The relation between ip and the old field operator is listed. In the example of Pr oca equation, 
is identified as an extra variable. One may check they all have C and T symmetries as shown in Eq. (|9| and ( 10 1. 



Name 


Klein-Gordon 


Dirac 


Proca 


Shrodinger (spin j) 


Equation 


(9^9^ + mg)<^ = 


{ij>'d^ - mo)V''" = 


d^id^A-" - 9"^^") -hmg^" = 


{idt + VV2mo - = 






^(^) 


{A\A^, A^,idtA\idtA^,idtA'')'^ 




M(p) 




/ mo p • o- \ 
\^ -p ■ <T mo J 






Extra 
Variable 






A" = idtip- A)/{p'' +ml) 





where the matrix R2^^s matrix elements are [R'^'] 



O) 



[e ^''■^^ ],^,„j = _,„, and has the property 

Then from limitation ([7|, one can easily show that 
M(p) must take the following form 



, T / cos 77r sin TTT 

+ ^/_(p^p•s^^^)® . 

\ — Sm JTT — COSJTT 



(11) 



where M± {x, y) are real functions, namely M± {x, y) — 
M^{x* ,y*). Obviously the two matrices M± commute 
with each other. By solving Eq. Q, one obtain the 
energy spectrum 



S(±)(p,a) ^ ±^Ml + (-1)2j+im2 (12) 

where a — p ■ S^-'-' /p is the spin along the momentum p 
(or helicity), while M± stands for M±{p'^ ,pa). We use 
m(p, a) and w (p, a) to denote the eigenvectors with ener- 
gies E > and E < 0, respectively. These eigenvectors 
can be easily solved to be 



u{p,a) 



1 



( 



Ml + AP sin^ jn - C<t 



Ml + Ml sin^ jTT -I- M_ 



(13) 



and 



w(p,cr) = 



/'^•' COS JTT 

— J*^-'' sin j'tt 



J*^^) sin JTT 

— /(^^ cos JTT 



u(p,a) (14) 



where is the spinor satisfying (p • S^-'Vp)^^ = ^Co-j 
while the normalization factor Af will be determined 
later. Eq. (14 1 shows the apparent difference between 



integral spins and half-odd integral spins. 

we have summarized in Table U how several familiar 
equations are rewritten in the general form above. 

Before proceeding to the second quantization proce- 
dure, a few more important words on functions M± have 



to be added. Returning to the original Eq. ([3|, one 
should understand both ft'{p) and M'(p) as infinite se- 
ries of p when really solving the equation. Taking any 
particular direction p = pn, these two series must be 
well defined and converge for any — c» < p < oo. This 
means both 0'(p) and M'{p) cannot contain singulari- 
ties in the complex p plane. By definition of M(p), we 
have to require functions M±{p'^,pa) to contain no sin- 
gularities other than poles in the entire complex p plane, 
namely, M±(p'^ ,pa) are meromorphic functions. 

Second quantization and derivation of spin statistics 
connection. — The next step is to second quantize this 
spin j field if). The field operator "0 can be expanded 
according to its eigenvectors as 



cr = -j 



•-iE{<y)t 



(15) 



where we have used E{(j) in short for the positive en- 
ergy E^^\p,a), and u and fop.o- are the annihilation 
operators of particles and anti-particles with helicity a. 
For neutral fields with the anti-particle the same as the 
particle, one should identify these two operators, which 
does not affect our derivation hereafter. Now we are 
still unaware whether they obey commutation or anti- 
commutation relations, namely 



(27r)3 



(27r)3 



5'(P-P')'5..' (16) 



We will show that this is determined by requiring the 
Hamiltonian to be positive definite and the causality to 
be satisfied. The Hamiltonian can be derived from the 
Lagrangian. As one can easily show, the Lagrangian C 
for the field Eq. ^ is of the form 



C = V^A[il7at - M{-iV)]i) 



(17) 



where A is a non-singular, rotationally invariant matrix. 
For neutral fields with antiparticles identical to particles 
(such as real Klein Gordon field or Majorana field), -0^ 
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should be replaced by ip"^ , which again does not affect 
the following derivation. By Schur's lemma, each of four 
blocks of A is proportional to identity. A physical £ needs 
to be Hermitian, and this means the three matrices 



An, 



M+A, 



Af_A 



/(■'^ cos JTT 

— /^■'•' sin jTT 



sm jvr 

cos JTT 



(18) 



must all be Hermitian matrices. Further, time reversal 
symmetry leaves us with a requirement A* = A. 



If M_ is not a zero function (by Eq. (12 1, this also 
means |M+| > is non-zero for integral spin j), from 
the above requirements one can derive out that A must 
be 



A 



/(^) cos^ jir /(^) sin^ jn 
/ (■'^ sin^ j TT / (-^ ^ cos^ j TT 



(19) 



With the Lagrangian C, we can then easily write down 



the Hamiltonian (by substituting Eq. (15)) 



H 



d^r 



9tV 



dC 



C 



d^r 



d^p 



2E{a) 



flp,. + (-1)'^" 



(20) 



From this result, one can firs t determine that the nor- 

Next, 
and 



p,cr 



malization factor in Eq. ( 13 ) \s M = ^2E{a) 
it is clear that to ensure a non-negative i?, a 
bp a- must be commutative (anti-commutative) operators 
for integral (half-odd integral) spins respectively. One 
can also immediately demonstrate, with the correct spin 
statistics relationship, causality is satisfied 



(21) 



while it is not with the wrong spin statistics relationship. 
Till now, we have shown that spin statistics connection 
can naturally result from the SU(2)xC x T symmetry 
hidden in free field theories. 

Counterexamples. — However, counterexamples which 
deviate from spin statistics connection do exist. This is 
because in the derivation above, we have assumed that 
A/_ is not a zero function. If in an equation Af_ is ex- 
actly a zero function (but not Af+ , or the particle will loss 
its dynamics) , condition ( 18 1 will not be enough to de- 



termine the matrix A uniquely. What we can determine 
is that A must be one of the following two matrices 



aw = 



lif) 



(22) 



This leads to two possible Lagrangian forms and C'^^^ 
correspondingly, which require bosonic and fermionic 
statistics respectively. As is also easily checked, with 
Af_ = 0, causality of either commutative or anti- 
commutative brackets is ensured. Thus for M_ con- 
stantly zero, the connection between spin and statistics is 
arbitrary. As we see in Tab. [ij the Shrodinger equation is 
such a counterexample with A/_ = 0, which agrees with 
the conclusion in [Ij. 

Discussions — Assume we know the energy spectrum 
E{p) of a free particle. An immediate corollary is that, if 



E{p) takes the form of a square root, namely has branch 
points in the complex p plane, the particle must obey 
the spin statistics connection. The reason is as follows. 
As we stated before, functions M±{p'^,pa) do not con- 
tain singularities other than poles in the whole complex 
p plane (meromorphic) . Then according to the energy 
expression (12 1, both M+ and M_ cannot be zero func- 



tions, or the energy spectrum can not have any branch 
points. This corollary naturally applies for relativistic 
particles whose energy spectrum is \/p'^ + TOq , support- 
ing W. Pauli's conclusion [T]. 

Though the 7\/_ matrix in Shrodinger equation van- 
ishes, in some particular systems it may arise due to in- 
teresting mechanisms. For instance, in the mean field 
theory of superfluid (spin 0) and superconductivity (spin 
1/2), the rotational invariant order parameter enters into 
Shrodinger equation for the quasi-particles exactly as a 
A/_ matrix. According to our conclusion, these parti- 
cles or quasi-particles will also have the spin statistics 
connection. 
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